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Quantum transport equations for low-dimensional multiband electronic systems. I
I. Kupcˇic´, Z. Rukelj and S. Bariˇsic´
Department of Physics, Faculty of Science, University of Zagreb, P.O. Box 331, HR-10002 Zagreb, Croatia
A systematic method of calculating the dynamical conductivity tensor in a general multiband
electronic model with strong boson-mediated electron-electron interactions is described. The the-
ory is based on the exact semiclassical expression for the coupling between valence electrons and
electromagnetic fields and on the self-consistent Bethe–Salpeter equations for the electron-hole prop-
agators. The general diagrammatic perturbation expressions for the intraband and interband single-
particle conductivity are determined. The relations between the intraband Bethe–Salpeter equation,
the quantum transport equation and the ordinary transport equation are briefly discussed within
the memory-function approximation. The effects of the Lorentz dipole-dipole interactions on the
dynamical conductivity of low-dimensional spα models are described in the same approximation.
Such formalism proves useful in studies of different (pseudo)gapped states of quasi-one-dimensional
systems with the metal-to-insulator phase transitions and can be easily extended to underdoped
two-dimensional high-Tc superconductors.
PACS numbers: 72.10.Bg, 72.10.Di, 78.20.-e, 71.45.Lr
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I. INTRODUCTION
The ab initio band structure calculations of strongly-
interacting low-dimensional (quasi-one-dimensional
(Q1D) or two-dimensional (2D)) systems (high-Tc
superconductor YBa2Cu3O7−x as well as charge-
density-wave (CDW) systems K0.3MoO3 and BaVS3
being examples1–3) usually reveal several bands in the
vicinity of the Fermi level that are, in the leading
approximation, decoupled from the rest of the band
structure. In the tight-binding approximation, the bare
dispersions of such a multiband model are well under-
stood in terms of the strong hybridization among several
properly chosen orbitals per unit cell, while the hy-
bridization with the other electronic levels is neglected.4
The bare single-particle tight-binding Hamiltonian is
thus taken to include commensurate/incommensurate
CDW or SDW (spin-density wave) average fields and
several first-neighbour bond energies. In the two-particle
Hamiltonian one usually retains the long-range Coulomb
interactions, the largest local (Hubbard) interactions to-
gether with the most important short-range interactions.
Associated with different terms in the single-particle
Hamiltonian are fluctuations in the charge and spin
densities on different orbitals in the unit cell and on
the corresponding bonds. All these ingredients make
strongly-interacting multiband electronic problems
extremely complicated.
To explain most of experimental results on typical
single-band systems, it usually suffices to describe prop-
erly the coupling between q ≈ 0 monopole charge fluc-
tuations and external electromagnetic (EM) fields and
combine this coupling Hamiltonian with the ordinary
transport equations.5,6 However, in multiband electronic
systems, even in the cases when only one band inter-
sects the Fermi level, the analysis is considerably more
complicated. Not only the interband physics but also
the intraband physics depends drastically on both single-
particle and two-particle parameters of the Hamiltonian
and are affected differently by various types of fluctu-
ations. Therefore, to understand the results of trans-
port measurements7,8 and reflectivity measurements9–11
of multiband electronic systems in detail, we describe the
q ≈ 0 multipolar fluctuations in the dynamical conduc-
tivity tensor in a way consistent with the results of experi-
mental methods which probe charge and spin fluctuations
which presumably occur at finite wave vectors12,13. The
q ≈ 0 charge-charge correlation function is thus just one
of several equally important correlation functions defined
in terms of symmetrized intraband and interband charge
and spin fluctuations. Common to all these correlation
functions is a complicated structure of the intraband and
interband electron-hole propagators. Therefore, to un-
derstand the contribution of different types of fluctua-
tions to these correlation functions, in particular to the
dynamical conductivity, we must first find the solution to
quite general Bethe–Salpeter equations for the electron-
hole propagators and then combine the result with the
very definition of the response function under consider-
ation. This question, which is of great importance in
studies of strongly-interacting low-dimensional systems,
is in the focus of the present analysis.
In this article, we thus present a general response
theory which uses both an essentially exact semiclas-
sical description of the coupling between valence elec-
trons and external EM fields14,15 and a quite gen-
eral description of the intraband and interband charge
fluctuations16,17. The result is the current-dipole Kubo
formula for the dynamical conductivity,18 with the struc-
ture of the intraband electron-hole propagators deter-
mined by means of the quantum transport equation (i.e.,
the intraband Bethe–Salpeter equation). To emphasize
the connection between the present theory and the or-
dinary transport theory,5,6,19–21 we determine the ex-
plicit form of the intraband conductivity in the memory-
function approximation.22–24 We also find the structure
2of the interband conductivity in both cases, with real
and with purely imaginary interband dipole vertices, to
show in which way the Lorentz local field corrections25–27
affect the dynamical conductivity of interacting low-
dimensional systems.
The article is organized as follows. To make the read-
ing of the article easier, we give in section 2 an overview
of the results. Then in section 3 the notation is in-
troduced to describe electrons and boson modes in a
general multiband electronic model with boson-mediated
electron-electron interactions. A complementary multi-
band electronic model with nonretarded electron-electron
interactions will be studied in a separate article28 which
is focused on the commensurability effects in the single-
particle conductivity tensor.
Starting with the quantum electrodynamical descrip-
tion of the interaction between valence electrons and ex-
ternal EM fields, we derive the exact semiclassical form of
the electron-EM field coupling Hamiltonian in section 4.
In section 5 we define the dynamical conductivity ten-
sor and briefly discuss the relaxation-time approxima-
tion. Section 6 gives the structure of the self-consistent
Bethe–Salpeter equations for the dipole vertex functions
and for the related auxiliary electron-hole propagators
(to be defined latter) in a general multiband case. We
show the equivalence of the Bethe–Salpeter equation for
the auxiliary intraband electron-hole propagators and the
quantum transport equation. The generalized Drude for-
mula is derived from the quantum transport equation by
using the memory-function approximation. The bare in-
terband conductivity is considered in section 7 and the
related local field effects in section 8. Section 9 contains
the concluding remarks.
II. OVERVIEW OF RESULTS
Before discussing the details of the dynamical con-
ductivity model proposed in this article, we present an
overview of the results. In this way principal physical
messages of the present work are separated from the tech-
nical details.
We are interested here in a general low-dimensional
model with multiple electronic bands in the presence
of boson-mediated electron-electron interactions. The
single-particle part of the total Hamiltonian is assumed
to be exactly solvable. The Bloch energies εL(k) in the
band labeled by the band index L and all relevant bare
vertex functions (the dipole vertices PLL
′
α (k,k
′), for ex-
ample) are thus taken as known functions. To study the
influence of the boson-mediated electron-electron inter-
actions on single-electron propagators GL(k, iωn) and, in
addition, on different electron-hole propagators encoun-
tered in the response functions of interest, we use high-
order diagrammatic perturbation theory of the metallic
state, as usual in investigations of low-dimensional elec-
tronic systems.29,30
The electron-hole propagators are associated with the
L k L k L’ k+q L kL k
ν q
FIG. 1: The Dyson equation (1) for electron Green’s func-
tions. L is the electron band index and ν is the boson branch
index. The black circle and the big gray circle represent, re-
spectively, the bare and the renormalized electron-boson ver-
tex. Here and herafter, the tiny and bold solid (dashed) lines
are the bare and renormalized electron (boson) propagators.
dispersive, undamped bosons which can either corre-
spond to the external degrees of freedom coupled to elec-
trons/holes or the internal degrees of freedom built of
the electron-hole excitations at finite values of q. In sec-
tions 6–8, the emphasis is on the acoustic and Raman-
active and infrared-active optical phonons. The scatter-
ing by phase and amplitude phonon modes of the com-
mon Peierls CDW model will be studied in detail within
the microscopic Lee–Rice–Anderson model in the accom-
panying article31 (to be referred to as Article II).
In high-order perturbation theory, the electron Green’s
function GL(k, iωn) satisfies the Dyson equation29,32,33[
i~ωn − εL(k) + µ− ~ΣL(k, iωn)
]GL(k, iωn) = ~, (1)
where ΣL(k, iωn) is the self-energy function of the elec-
tron (see figure 1). In this case ΣL(k, iωn) is a func-
tion of GL(k, iωn), resulting in a system of two coupled
equations. A strong reduction of the quasi-particle pole
weight in GL(k, iωn) at the Fermi level is predicted by dif-
ferent strictly 1D theories30,34,35 and observed in angle-
resolved photoemission spectroscopy (ARPES) experi-
ments on Q1D systems36,37. In this article we present
a systematic method of calculating the dynamical con-
ductivity tensor in interacting low-dimensional systems
which is consistent with the described treatment of the
single-electron Green’s functions GL(k, iωn).
A. Electron coupling to EM fields
In semiclassical electrodynamics applied to a general
exactly solvable single-particle problem with multiple
electronic bands, the electric component of the EM field
parallel to the cartesian axis α, Eα(q), couples to the cur-
rents of free charges and to the dipole moments of bound
charges in a way described by the coupling Hamiltonian
Hext = −
∑
qα
Eα(q)Pˆα(−q). (2)
Here, Pˆα(−q) is the total dipole density operator. It is
the sum of the intraband and interband contributions
Pˆα(−q) =
∑
LL′
∑
kσ
PL
′L
α (k+,k)c
†
L′k+qσcLkσ, (3)
3with PL
′L
α (k+,k) representing the corresponding intra-
band (L = L′) and interband (L 6= L′) dipole vertices,
and k+ = k + q. It is not hard to verify that these ver-
tices are directly related to the vertices in the current and
charge density operators, JL
′L
α (k+,k) and q
L′L(k+,k).
The relation is given by the expression
PLL
′
α (k,k+) =
i~JLL
′
α (k)
εL′(k+)− εL(k) =
ie
qα
qLL
′
(k,k+) (4)
(q = qαeˆα in the longitudinal case). The imaginary cur-
rents and the imaginary dipole moments do not have a
straightforward physical meaning, but they make the no-
tation used throughout this article as simple as possible.
For example, they can be used to express the gauge in-
variance of the expression (2) simply by rewritting Hext
in terms of qL
′L(k+,k) and J
L′L
α (k+,k) and using the
standard relations between Eα(q, ω) and the scalar po-
tential V tot(q, ω) and the vector potential Aα(q, ω).
B. Dynamical conductivity tensor
In order to examine how electrons respond to ap-
plied EM fields, we introduce the dynamical conductiv-
ity tensor σαβ(q, ω),
14 which is the response function re-
lating the induced total current Jα(q, ω) to Eβ(q, ω);
Jα(q, ω) =
∑
β σαβ(q, ω)Eβ(q, ω). We use here the fi-
nite temperature formalism. The dynamical conductivity
σαβ(q, ω) is in this case given by analytical continuation
(iνn → ω + iη) of σαβ(q, iνn), which is the Matsubara
Fourier transform of σαβ(q, τ). The compact form of the
semiclassical coupling Hamiltonian (2) allows us to ex-
press σαβ(q, τ) in the form of the current-dipole Kubo
formula18
σαβ(q, τ) =
1
~V
〈Tτ [Jˆα(q, τ)Pˆβ(−q, 0)]〉irred. (5)
Here, Jˆα(q) is the total current density operator defined
in a way analogous to (3) (see (23)). In order to extract
the most important physical consequences that follow
from this expression, one usually uses the relations (4)
to rewrite σαβ(q, τ) either in terms of the charge-charge
or the current-current Kubo formulae.33 In contrast to
these approaches, we use here (5), because this expres-
sion will be shown below to provide the direct link of the
present analysis to the common transport theory5,6 and
to the textbook approaches to the dynamical long-range
Coulomb screening32,33,38,39.
To complete the response theory, we must take into
account the relaxation processes describing the way in
which electrons are scattered by static disorder, by other
electons or by different types of boson modes. Since
our primarily interest is in the low-dimensional sys-
tems where the quasi-particle pole weight in the single-
electron Green’s function is strongly reduced by boson-
mediated electron-electron interactions, we must calcu-
late σαβ(q, τ) beyond the common weak coupling the-
ory (corresponding to second-order perturbation theory
β α
L’  k+qL’  k’+q
1
1
L kL  k’
-P J
L k
L’ k+q
β-P αJ
FIG. 2: The Bethe–Salpeter expression for the screened dy-
namical conductivity tensor σ˜αβ(q, iνn) in a general multi-
band case. The dynamical conductivity σαβ(q, iνn), equation
(5), is the RPA-irreducible part of σ˜αβ(q, iνn).
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for the single-electron self-energy function). This means
that in order to work out σαβ(q, τ) we must use the
general Bethe–Salpeter expression for the screened con-
ductivity tensor illustrated in figure 2 and the definition∑
β σαβ(q, ω)Eβ(q, ω) =
∑
β σ˜αβ(q, ω)E0β(q, ω), where
E0(q, ω) is the external electric field
18. The bold solid
lines in these two diagrams are the single-electron Green’s
functions which satisfy the Dyson equation (1). The in-
traband and interband contributions to σαβ(q, iνn) =∑
LL′ σ
LL′
αβ (q, iνn) can be represented by the same ex-
pression,
σLL
′
αβ (q, iνn) =
1
V
∑
kσ
1
β~2
∑
iωn
JLL
′
α (k)GL(k, iωn)
×GL′(k+, iωn+)(−)ΓLL
′
β (k,k+, iωn, iωn+), (6)
equally well for L = L′ as for L 6= L′. Here the
ΓLL
′
β (k,k+, iωn, iωn+) are the renormalized dipole vertex
functions which satisfy the self-consistent Bethe–Salpeter
equations for the renormalized dipole vertex, and iωn+ =
iωn+ iνn. In order to emphasize the connection between
the present approach and the common transport theory,
as well as to simplify the notation, we introduce the aux-
iliary electron-hole propagator ΦLL
′
β (k,k+, iωn, iωn+) by
comparing the relation
σLL
′
αβ (q, iνn) =
1
βV
∑
iωnkσ
JLL
′
α (k)Φ
LL′
β (k,k+, iωn, iωn+)
(7)
with (6). Therefore, our task is to solve the self-consistent
equations for ΦLL
′
β (k,k+, iωn, iωn+) rather than that for
the renormalized dipole vertices.
We limit our discussion to the low-dimensional systems
where the scattering by static disorder and the scattering
processes in which electrons change the band can both be
neglected. These processes have negligible influence on
the properties studied here. However, the self-consistent
equations still have a very complex structure in particular
as a consequence of the following features: the nesting
properties of the Fermi surface, the resonant nature of the
scattering by the (quasi)static CDW or SDW potentials
and the local-field effects in the interband conductivity
channel.
4C. Results
The results of the present analysis are the following: (i)
we show the formal solution to the Bethe–Salpeter equa-
tions for ΦLL
′
α (k,k+, iωn, iωn+) and to the (intraband)
quantum transport equation, (ii) we compare the intra-
band conductivity to that obtained by using the memory-
function approximation, (iii) we calculate the bare inter-
band conductivity and (iv) we rederive the well-known
Lorentz–Lorenz form of the optical conductivity in the
presence of scattering by boson modes.
(i) Although it is tempting to completely neglect the
electron-EM field vertex corrections in σαβ(q, iνn), this is
not justified in the intraband channel, at least in the cases
with low-dimensional conductivity studied here. The
method by which the intraband conductivity tensor is
calculated here is very general and is based on a sys-
tematic analysis of the self-consistent equation for the
auxiliary electron-hole propagator Φβ(k,k+, iωn, iωn+)
in which the single-electron self-energy contributions and
the related vertex corrections are treated on an equal
footing. The equation is of the form
[
iνn + ε(k)/~− ε(k+)/~
+Π(k,k+, iωn, iωn+)
]
Φα(k,k+, iωn, iωn+)
=
1
~2
[G(k, iωn)− G(k+, iωn+)]pα(−q), (8)
with pα(−q) = ie/qα and Π(k,k+, iωn, iωn+) =
Πr(k,k+, iωn, iωn+) + iΠ
i(k,k+, iωn, iωn+). For sim-
plicity we assume that only one band intersects the
Fermi level and omit explicit reference to the conduc-
tion band index. Π(k,k+, iωn, iωn+) is the electron-hole
self-energy, the structure of which is derived here for the
case in which conduction electrons are scattered only by
various boson modes. These boson modes are assumed
to dissipate momentum by their own means (impurities,
Umklapps, etc.). Pinned phasons of the commensurate
CDW problem, for example, enter in the present theory
in the same way as the infrared-active optical phonons
from section 8.2. This question is discussed in more de-
tails in Article II.
The electron-hole self-energy is found to be the differ-
ence between two auxiliary single-electron self-energies
Σ˜(k, iωn), and the contributions of the q ≈ 0 for-
ward scattering processes are found to drop out of both
Σ˜(k, iωn) and Π(k,k+, iωn, iωn+), in full agreement with
the charge continuity equation.
Equation (8) is valid under quite general conditions,
and is therefore applicable to a rich variety of problems,
including purely electronic models with nonretarded local
and short-range interactions. For example, it is not hard
to verify that the normal scattering processes do not lead
to the resistivity in this case, as required by the general
principle of microscopic reversibility.6 This question will
be discussed in more details in Ref. 28.
(ii) In the ordinary 3D metallic regime, equation (8)
L k
L’ k+q
L   k’
L’   k’+q1    
L k
L’ k+q
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1
FIG. 3: The Bethe–Salpeter equations for electron-hole prop-
agators in a general multiband electronic model with weak
nonretarded and/or boson-mediated electron-electron inter-
actions. The vertex renormalizations are assumed to be neg-
ligible in this case.
leads to the ordinary transport equation, with5,6
σintraαα (q, ω) ≈
ie2
m
1
V
∑
kσ
mv2α(k)
( − ∂f(k)/∂E(k))
ω + iΓ1α(k)− q2αv2α(k)/ω
(9)
being the resulting intraband electrical conductivity, and
q = qαeˆα again. Here, m is the unity of mass, com-
monly taken as the free electron mass, and Γ1α(k) ∝
Πi(k,k+, iωn, iωn+) is the intraband relaxation rate.
In the Drude ω ≈ 0 limit, where ω ≫ qαvα(k),
the qα dependent term in the denominator of (9) can
be ignored, and we obtain the intraband conductiv-
ity (10). For ω ≪ qαvα(k) and qα → 0, on the
other hand, the result is the well-known Thomas–Fermi
expression33,38 for σintraαα (q, ω) and for the dielectric sus-
ceptibility χintra(q, ω) = (q2α/iω)σ
intra
αα (q, ω).
(iii) The general expression for the interband single-
particle conductivity is derived and compared to the ap-
proximate expression which is frequently encountered in
the literature.38,39
(iv) If the scattering of valence electrons is sufficiently
weak, the electron-boson vertex renormalizations are of
no importance and the electron-hole propagators of fig-
ure 2 satisfy the Bethe–Salpeter equations shown in
figure 3 with two types of contributions, the ladder
contributions and the RPA (random phase approxima-
tion) contributions.40 These equations can be completely
rewritten in terms of the renormalized single-electron
Green’s functions and the dynamically screened electron-
electron interactions.
This approximation is used here to illustrate how the
conductivity tensor is affected by the short-range dipole-
dipole interactions. The result is the well-known Lorentz-
Lorenz form of the dynamical conductivity for 3D metal-
lic spα models
25,26 which is believed to be valid in the
Q1D conductors, as well27. From the result
σintraαα (q, ω) = σ
intra,0
αα (q, ω) =
ie2neffαα/m
ω + iΓ1α
, (10)
σinterαα (q, ω) =
σinter,0αα (q, ω)
1− (4pii/3ω)σinter,0αα (q, ω)
, (11)
5ν q’ ν q’ ν q’ν q’
L k
L’ k+q’
FIG. 4: The Dyson equation (16) for boson Green’s functions.
we can conclude that the contributions to the conductiv-
ity tensor of the free charges and of the bound charges are
decoupled and that the Lorentz dipole-dipole interactions
affect only the bound (interband) charge contribution to
the conductivity tensor.
III. ELECTRON-BOSON COUPLING
Let us first introduce the quantities characterizing a
general multiband electronic model with boson-mediated
electron-electron interactions. The total Hamiltonian is
the sum of two contributions, H = H0 +H
′. Here,
H0 = H
el
0 +H
bos
0 =
∑
Lkσ
εL(k)c
†
LkσcLkσ
+
∑
νq′
1
2Mν
[
p†νq′pνq′ +
(
Mνωνq′
)2
q†νq′qνq′
]
(12)
is the bare electron-boson Hamiltonian, and
H ′ =
∑
νq′
∑
LL′kσ
ΦL
′L
ν (k + q
′,k)c†L′k+q′σcLkσ (13)
is the scattering Hamiltonian which describes the scatter-
ing of valence electrons by each of the boson modes. As
already mentioned, the bosonic modes can be external to
electronic system (e.g. phonons) or built from electron-
hole fluctuations at finite wave vectors. In (12), εL(k)
is the bare electron dispersion, ωνq′ is the bare boson
frequency and Mν is the corresponding “mass” parame-
ter. Finally, ΦL
′L
ν (k+ q
′,k) is the generalized scattering
potential. For convenience, it is assumed to be a prod-
uct of the coupling constant gν/
√
N , the dimensionless
electron-boson vertex qL
′L
ν (k+q
′,k) and the boson field
qνq′ ,
ΦL
′L
ν (k + q
′,k) =
gν√
N
qL
′L
ν (k+ q
′,k)qνq′ . (14)
In the intraband scattering approximation, in which the
electron does not change the band when it is scattered
by bosons, the scattering potential ΦL
′L
ν (k+ q
′,k) is di-
agonal in the band index.
A. Skeleton diagrams
In the finite temperature formalism, the effects of H ′
on the single-electron and boson properties are described
...
FIG. 5: The skeleton series for the single-electron self-energy.
The self-energy is shown in terms of both the renormal-
ized three-point vertex function q˜L
′L
ν (k+,k, iωn+, iωn) (the
big gray circle) and the completely irreducible four-point ver-
tex function UL
′L,LL′
ν (k + q
′,k,q′, iωn+, iωn, iνn) (the white
rectangle).
in terms of two exact Matsubara Green’s functions29,32,33
GL(k, τ) = −〈Tτ
[
cLkσ(τ)c
†
Lkσ(0)
]〉,
Dν(q′, τ) = −〈Tτ
[
qνq′(τ)q
†
νq′(0)
]〉. (15)
Their Fourier transforms satisfy two Dyson equations,
equation (1) and{
Mν
[
(iνn)
2−ω2νq′
]− ~Σν(q′, iνn)}Dν(q′, iνn) = ~ (16)
(see figure 4). It is convenient to adopt an abbreviated
notation by writting
g2ν
N
|qL′Lν (k+q′,k)|2Dν(q′, τ) ≡ ~FL
′L
ν (k+q
′,k, τ). (17)
This expression can also be shown in the form FL′Lν (k+
q′,k, τ) = FL′L,LL′ν (k+ q′,k,q′, τ), where
~FL
′L,L1L
′
1
ν (k+ q
′,k′,q′, τ)
= −〈Tτ
[
ΦL
′L
ν (k+ q
′,k, τ)Φ
L1L
′
1
ν (k
′,k′ + q′, 0)
]〉,(18)
is by definition the force-force correlation function33,41
(FFCF) associated with the potential ΦL
′L
ν (k+ q
′,k).
In high-order perturbation theory the self-energy func-
tion of the electron, ΣL(k, iωn), is usually represented by
the sum of skeleton diagrams shown in figure 5, leading
to a simple analytical expression
~ΣL(k, iωn) ≈ −
∑
L′νq′
1
β~
∑
iνn
GL′(k+ q′, iωn+)
×F˜L′L,LL′ν (k+ q′,k,q′, iωn+, iωn). (19)
Here, F˜L′L,LL′ν (k + q′,k,q′, iωn+, iωn) is the renormal-
ized FFCF obtained by replacing one bare electron-
boson vertex in FL′L,LL′ν (k + q′,k,q′, iνn), qL
′L
ν (k+,k),
by the renormalized vertex q˜L
′L
ν (k+,k, iωn+, iωn). Equa-
tion (19) is nothing but the three-point vertex representa-
tion of ΣL(k, iωn). In the same representation the boson
self-energy takes the form
~Σν(q, iνn) ≈
∑
LL′kσ
1
β~2
∑
iωn
g2ν
N
q˜L
′L
ν (k+,k, iωn+, iωn)
×qLL′ν (k,k+)GL(k, iωn)GL′(k+, iωn+). (20)
6We have just reemphasized that the three-point vertex
representation is very useful in describing the closed sys-
tem of four equations characterizing strongly-interacting
electron-boson systems in the absence of external EM
fields (equations (1), (16), (19) and (20)). However, the
conductivity tensor of such an electron-boson model has
a compact form if the structure of the Bethe–Salpeter
equations of section 6 is also simple, at least from the
formal point of view. For this purpose, it is much
more convenient to use the four-point vertex representa-
tion. This representation is based upon the knowledge
of the irreducible four-point interaction UL
′L,LL′
ν (k +
q′,k,q′, iωn+, iωn, iνn). The equivalence of the two rep-
resentations in the skeleton approximation is illustrated
in figure 5, where UL
′L,LL′
ν (k+q
′,k,q′, iωn+, iωn, iνn) is
represented by the white rectangle. The expression for
ΣL(k, iωn) is now of the form
~ΣL(k, iωn) ≈ −
∑
L′νq′
1
β~
∑
iνn
GL′(k+ q′, iωn+)
×UL′L,LL′ν (k+ q′,k,q′, iωn+, iωn, iνn). (21)
A full discussion of the Bethe–Salpeter equations is post-
poned to section 6.
IV. ELECTRON COUPLING TO EM FIELDS
In quantum electrodynamics of tightly bound valence
electrons in solids, whether metallic or insulating, the
coupling between electrons and external EM fields is
given by the minimal gauge invariant substitution. The
expansion to the second order in the vector potential
Aα(q, ω) gives the coupling Hamiltonian H
ext ≈ H˜ext1 +
H˜ext2 , with
17,24,42
H˜ext1 = −
1
c
∑
qα
Aα(q)Jˆα(−q),
H˜ext2 =
e2
2mc2
∑
qq′αβ
Aα(q− q′)Aβ(q′)γˆLLαβ (−q; 2). (22)
Here,
Jˆα(q) =
∑
LL′
∑
kσ
JLL
′
α (k,k+)c
†
LkσcL′k+qσ,
γˆLLαβ (q; 2) =
∑
L
∑
kσ
γLLαβ (k,k+; 2)c
†
LkσcLk+qσ (23)
are, respectively, the total current density operator and
the bare diamagnetic density operator.
To obtain the semiclassical expression for the coupling
Hamiltonian, equation (2), we have to take into account
the fact that both the interband and intraband current-
current contributions to the diamagnetic current must
vanish in the normal metallic or insulating state. The
cancellation of the interband contribution is a conse-
quence of the effective mass theorem,17,24,43,44
γLLαβ (k) = γ
LL
αβ (k; 2) +
∑
L′( 6=L)
(2m/e2)JLL
′
α (k)J
L′L
β (k)
εL(k)− εL′(k)
=
m
~2
∂2εL(k)
∂kα∂kβ
, (24)
leading to Hext ≈ Hext1 +Hext2 , with41
Hext1 = −
1
c
∑
qα
Aα(q)
[∑
L
JˆLLα (−q) +
∑
L 6=L′
iωPˆLL
′
α (−q)
]
,
Hext2 =
e2
2mc2
∑
Lqq′αβ
Aα(q− q′)Aβ(q′)γˆLLαβ (−q). (25)
Here, PˆLL
′
α (q), L 6= L′, is the interband part in dipole
density operator (3), and γˆLLαβ (−q) is the diamagnetic
density operator. The reciprocal effective mass tensor
γLLαβ (k) is the vertex function in γˆ
LL
αβ (−q).
The intraband current-current contribution to the dia-
magnetic current cancels Hext2 , confirming the assertion
made in section 2 that
Hext = −
∑
qα
Eα(q)Pˆα(−q).
We emphasize the simple structure of this coupling
Hamiltonian. The most direct way to obtain this ex-
pression for Hext is to consider the coupling of the scalar
potential V tot(q, ω) to the charge density operator.18
A. Density operators
Let us derive now the relations (4) among three types
of intraband and interband vertex functions underlying
the gauge invariance of the present response theory. To
do this, we use very general microscopic operator equa-
tions
~qαJˆα(q) = i~
∂
∂t
ρˆ(q) =
[
ρˆ(q), Hel0
]
,
i~Jˆα(q) = i~
∂
∂t
Pˆα(q) =
[
Pˆα(q), H
el
0
]
, (26)
where Hel0 is the electronic part in the bare Hamiltonian
(12). Furthermore,
ρˆ(q) =
∑
LL′
∑
kσ
eqLL
′
(k,k+)c
†
LkσcL′k+qσ (27)
is the total charge density operator, with eqLL
′
(k,k+)
being the charge vertex function, while Jˆα(q) and Pˆα(q)
are given by (23) and (3). The two commutators in (26)
are easily worked out, leading to the required relations
PLL
′
α (k,k+) =
i~JLL
′
α (k)
εL′(k+)− εL(k) =
ie
qα
qLL
′
(k,k+).
7The explicit form of each of these vertices is often ob-
tained by calculating the coefficients in the linear term
in Hext in (22).
The long-wavelength intraband vertices are of partic-
ular interest. They are given by model independent ex-
pressions
qLL(k,k+) ≈ 1,
JLLα (k,k+) ≈ JLLα (k) ≡ evL,0α (k),
PLLα (k,k+) ≈ PLLα (−q) ≡ pα(−q). (28)
Here, vL,0α (k) = (1/~)∂εL(k)/∂kα is the bare electron
group velocity and pα(−q) = ie/qα is the bare dipole
vertex.
Notice that the thermodynamic averages of the den-
sity operators in (26) are the usual induced macroscopic
densities. For example, J(q, ω), ρ(q, ω) and P(q, ω) rep-
resent the common notation for the induced macroscopic
current, charge and dipole densities. They are related by
two equations14
q · J(q, ω) = ωρ(q, ω),
ρ(q, ω) = −iq ·P(q, ω). (29)
The first one is the usual charge continuity equation.
V. DYNAMICAL CONDUCTIVITY TENSOR
We now define the total dynamical conductivity tensor
σαβ(q, ω) as the response function to the macroscopic
electric field14
E(q, ω) = E0(q, ω) +E1(q, ω); (30)
that is
Jα(q, ω) =
∑
β
σαβ(q, ω)Eβ(q, ω). (31)
Here, J(q, ω) is the induced total current density from
(29), E0(q, ω) is the external field and E1(q, ω) is the
depolarization field (equal to −4piP(q, ω) for the longitu-
dinal polarization of the field in the thin slab). The con-
ductivity tensor is given by analytical continuation to the
real axis of σαβ(q, iνn) (see figure 6), where σαβ(q, iνn)
is the Matsubara Fourier transform of
σαβ(q, τ) =
1
~V
〈Tτ [Jˆα(q, τ)Pˆβ(−q, 0)]〉irred.
Therefore, to find the dynamical conductivity tensor of
an interacting electron-boson system, we must deter-
mine the structure of the current-dipole Kubo formula
(5) which agrees with the definition of the macroscopic
electric field (30).
L k
L’ k+qL’  k’+q1
L kL  k’
L’ k+q
L k
L’ k+q
1
β-P β-P β-PαJ αJαJ
FIG. 6: The dynamical conductivity σαβ(q, iνn) from fig-
ure 2, shown in the three-point vertex representation (left
diagram) and in the four-point vertex representation (right
diagrams). The collection of diagrams in the renormalized
four-point interaction must be consistent with the definition
of E(q, ω) in (30); i.e., the renormalized four-point interaction
is irreducible in the long-range RPA contribution.
A. Relaxation-time approximation
It is instructive first to show the structure of the
bare dynamical conductivity (5) in the simplest multi-
band model, namely, a two-band model with the lower
band partially occupied by electrons and the upper band
empty, in the limiting case where the scattering is suf-
ficiently weak. As explained in more details in Article
II, this model is of importance in accounting for the
properties of the ordered state of some simple CDW
systems.41,45,46
To do this, we first calculate the ideal bare conductivity
tensor σ0αβ(q, iνn) which is given by the first term in fig-
ure 6, with GL(q, iωn) replaced by the bare Green’s func-
tion G0L(q, iωn). Summation over iωn can be performed
easily to give σ0αβ(q, iνn) = δα,β
∑
LL′ σ
LL′
αα (q, iνn). Af-
ter analytical continuation, we obtain the ideal bare in-
traband (L = L′) and interband (L 6= L′) contributions
described by
σLL
′
αα (q, ω)
= − 1
V
∑
kσ
JLL
′
α (k)P
L′L
α (k)[fL(k) − fL′(k+)]
~ω + i~η + εL(k)− εL′(k+) . (32)
Weak scattering processes can be inserted into this ex-
pression by replacing the adiabatic term η by the relax-
ation rate ΓLL
′
α independent of frequency and wave vec-
tor. This is the generalization of the common relaxation-
time approximation. As required, the associated trans-
port relaxation time τLα = 1/Γ
LL
α differs from that found
in the single-electron propagators.
The bare intraband contribution is of the Drude form
σintra,0αα (q, ω) ≈
ie2neff,0αα /m
ω + iΓ1α
, (33)
with
neff,0αα =
1
V
∑
Lkσ
m[vL,0α (k)]
2
(
− ∂fL(k)
∂εL(k)
)
(34)
representing the effective number of conduction
electrons,17,41 and ΓLLα = Γ1α by assumption. n
eff,0
αα
includes the conduction holes from the lower band and
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FIG. 7: The general form of the Bethe–Salpeter equations
for electron-hole propagators. The white rectangle represents
again the completely irreducible four-point interaction.
the thermally activated electrons from the upper band.
The bare interband contribution is the sum of two
off-diagonal terms in (32), with η replaced by ΓLL
′
α :
σinter,0αα (q, ω) =
∑
L 6=L′ σ
LL′
αα (q, ω).
The main disadvantage of this simple procedure of
calculating σαα(q, ω) is that it does not apply to low-
dimensional systems with sizeable interactions. The rea-
son for that is the following. First, comparison with ex-
perimental data shows that the relaxation rates ΓLL
′
α are
frequency dependent. Second, the causality principle re-
quires that ΓLL
′
α (ω) is just the imaginary part of a com-
plex quantity which will be called here the electron-hole
self-energy function. Finally, it turns out that in the
strong coupling limit the electron-hole self-energy is not
a simple function of frequency ω. Instead, it depends
quite drastically on two internal electron frequencies too.
We shall therefore present now a systematic treatment
of scattering processes in interacting electron-boson sys-
tems with multiple electronic bands which treats all el-
ements in the electron-hole self-energy consistently with
the charge continuity equation (29), with the causality
principle and with the definition of E(q, ω). The result-
ing self-consistent equations turn out to be the general-
ization of the equations used by Vollhardt and Wo¨lfle21
to study the scattering by static disorder in a single-band
case.
VI. BETHE–SALPETER EQUATIONS
The term Bethe–Salpeter equations40,47 refers to the
self-consistent equations for the exact electron-hole prop-
agators ΦLL
′L′
1
L1(k,k+,k
′
+,k
′, iωn, iωn+, iωm+, iωm)
shown in figure 7. A widely-used simplification in these
equations is illustrated in figure 3. In this case, we
have both the ladder contributions and the RPA-like
contributions to the irreducible four-point interaction,
but the three-point vertex renormalizations are ne-
glected both in these equations and in the related Dyson
equations. The interaction lines and the electron propa-
gators are renormalized, so that these equations must be
treated consistently with the Dyson equations, as already
pointed out in section 2. However, in strictly 1D metallic
systems as well as in strongly-correlated low-dimensional
systems, it is necessary to use the Bethe–Salpeter
equations beyond this approximation by taking into
account the three-point vertex renormalizations as well.
To simplify the analysis, it is convenient to multiply
L k
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FIG. 8: The Bethe-Salpeter equations (36) for auxiliary
electron-hole propagators.
the left-hand side of the diagrams in figure 7 by the cor-
responding bare vertex function and then sum over k′ and
iωm. For the electron-hole propagators in the dynamical
conductivity (5), the bare vertex in question is the bare
dipole vertex function, and the Bethe–Salpeter equations
from figure 7 turn into the Bethe–Salpeter equations for
the auxiliary electron-hole propagators
ΦLL
′
α (k,k+, iωn, iωn+) =
1
~2
GL(k, iωn)
×GL′(k+, iωn+)(−)ΓLL
′
α (k,k+, iωn, iωn+). (35)
The equations are illustrated in figure 8.
With little loss of generality, we restrict the analysis
to the case where the irreducible four-point interaction∑
ν U
L′L′
1
,L1L
ν (k+,k
′,q′, iωn+, iωm, iνm) can be approxi-
mated by UL
′L′
1
,L1L(q′, iνm). In this case, the explicit
form of the intraband (L = L′) and interband (L 6= L′)
equations is the following
D−1LL′(k,k+, iωn, iωn+)Φ
LL′
α (k,k+, iωn, iωn+)
=
1
~2
[GL(k, iωn)− GL′(k+, iωn+)]
×
{
− PL′Lα (k+,k)−
1
β
∑
L1L
′
1
∑
q′iνm
UL
′L′
1
,L1L(q′, iνm)
×ΦL1L′1α (k+ q′,k+ + q′, iωm, iωm+)
}
, (36)
with
D−1LL′(k,k+, iωn, iωn+) = iνn + εL(k)/~− εL′(k+)/~
+ΣL(k, iωn)− ΣL′(k+, iωn+) (37)
and iωm = iωn + iνm. The GL(k, iωn) satisfy the Dyson
equations for electrons (1) and UL
′L′
1
,L1L(q′, iνm) is a
simple generalization of the completely irreducible four-
point interaction UL
′L,LL′(q′, iνm) from (21).
In the electronic multiband model we are interested
in here, there are n bands in the vicinity of the Fermi
level. The bands are built of n orbitals per unit cell.
Associated with each of these orbitals are the intracell
charge and spin fluctuations, and these intracell fluctu-
ations are possible sources of scattering. The monopole
charge fluctuations underlying the present analysis of the
dynamical conductivity tensor might be also strongly af-
fected by the presence of the intracell fluctuations. As
a result, σαβ(q, ω) will have considerably more structure
than that characterizing the ordinary single-band model,
9even in the case where only one band out of n valence
bands intersects the Fermi level.
A. Quantum transport equation
In the remainder of this section we consider the intra-
band term in (36) from this point of view. We assume
that there is only one conduction band and again drop
reference to the band index. We use the intraband scat-
tering approximation where the scattering processes in
which the electron changes the band are neglected. As
discussed in Article II, this approximation is easily seen
not to be adequate, for example, to study fluctuations
in the order parameter in the pseudogap state of the or-
dinary CDW systems. However, it is convenient to il-
lustrate the main ideas regarding the quantum transport
equations. Finally, the three-point vertex renormaliza-
tions in the renormalized interactions are also neglected,
as usual in the common non-crossing approximation for
the electron-boson systems.48–50 The resulting intraband
Bethe–Salpeter equation is of the form
D−1(k,k+, iωn, iωn+)Φα(k,k+, iωn, iωn+)
=
1
~2
[G(k, iωn)− G(k+, iωn+)]
{
pα(−q)
− 1
β
∑
q′iνm
F(q′, iνm)Φα(k + q′,k+ + q′, iωm, iωm+)
}
.
(38)
The structure of (38) is simplified by defining the aux-
iliary single-electron self-energy function
~Σ˜(k, iωn) = − 1
β~
∑
q′iνm
{
1− v
0
α(k+ q
′)
v0α(k)
}
×F(q′, iνm)G(k + q′, iωn + iνm) (39)
and the electron-hole self-energy
Π(k,k+, iωn, iωn+) = Σ˜(k, iωn)− Σ˜(k+, iωn+). (40)
Equation (38) now reduces to the quantum transport
equation[
iνn + ε(k)/~− ε(k+)/~
+Πr(k,k+, iωn, iωn+)
]
Φα(k,k+, iωn, iωn+)
− 1
~2
[G(k, iωn)− G(k+, iωn+)]pα(−q)
= −iΠi(k,k+, iωn, iωn+)Φα(k,k+, iωn, iωn+). (41)
Equation (41) is the self-consistent equation for the auxil-
iary electron-hole propagator, in contrast to the ordinary
transport equation, equation (47), which is formulated in
terms of the induced density δn(k,q, iνn) defined by
δn(k,q, iνn) =
1
β
∑
iωn
Φα(k,k+, iωn, iωn+)Eα(q, iνn).
(42)
The conditions under which (41) reduces to the ordinary
transport equation are discussed below.
To illustrate the role of the electron-EM field vertex
renomalizations in (41), it is useful to define the auxiliary
single-electron propagator G˜(k, iωn) as the single-particle
propagator which satisfies the following Dyson equation[
i~ωn − ε(k) + µ− ~Σ˜(k, iωn)
]G˜(k, iωn) = ~. (43)
The forward scattering processes cancel identically out
in Σ˜(k, iωn) as a result of the charge continuity equation.
The fact that the auxiliary propagator G˜(k, iωn) has the
quasi-particle pole even for relatively strong scattering
processes is consistent with the fact that the residue asso-
ciated with the quasi-particle pole in the exact propaga-
tor G(k, iωn) is proportional to tb/ta and vanishes in the
strictly 1D limit tb → 0.30 This interesting observation is
in the background of a variety of approximate treatments
of various pseudogapped states. In these approaches, the
forward scattering contributions to the FFCF F(q′, iνm)
are neglected from the outset.
The expression for the intraband conductivity which
correctly describes the ω ≈ 0 Drude limit, but which is
not necessarily correct in the ω = 0 Thomas–Fermi limit,
is the following
σintraαα (q, iνn) =
1
V
∑
kσ
Jα(k)pα(−q) 1
β~
∑
iωn
× G(k, iωn)− G(k+, iωn+)
i~νn + ~Π(k,k+, iωn, iωn+) + ε(k)− ε(k+) . (44)
This is nothing but (32) for the ideal intraband conduc-
tivity in which iη is replaced by Π(k,k+, iωn, iωn+).
B. Memory-function approximation
In the weak coupling limit, the self-energy
Π(k,k+, iωn, iωn+) is a non-singular function of
two fermion frequencies and in the simplest approxima-
tion can be written in the form Π(k,k+, iωn, iωn+) ≈
Mα(k, iνn) = M
r
α(k, iνn) + iM
i
α(k, iνn). Mα(k, iνn)
is called the memory function.22–24 The momentum
distribution function
n(k) =
1
β~
∑
iωn
G(k, iωn)eiωnη (45)
appearing in (44) in the memory-function approximation
reduces in the weak coupling limit to the Fermi–Dirac
distribution function f(k).
We now define the electron-boson coupling function
λα(k, ω), the mass enhancement factorm
∗
αα(k, ω)/m, the
intraband relaxation rate Γ1α(k, ω) and the collision in-
tegral I(k, ω) by
λα(k, ω) = M
r
α(k, ω)/ω,
m∗αα(k, ω) = (1 + λα(k, ω))m,
Γ1α(k, ω) = (m/m
∗
αα(k, ω))M
i
α(k, ω),
I(k, ω) = −Γ1α(k, ω)δn(k,q, ω). (46)
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Summation of (41) over iωn, together with analytical con-
tinuation iνn → ω + iη and multiplication by Eα(q, ω),
gives the ordinary transport equation5,6,20
−i[~ω + E(k) − E(k+)]δn(k,q, ω) + m
m∗αα(k, ω)
e~v0α(k)
×∂f(k)
∂ε(k)
Eα(q, ω) = ~I(k, ω), (47)
where E(k) = ε(k)/(1 + λα(k, ω = 0)).
In solving (47) it is convenient to follow the usual text-
book procedure.5 This equation can be solved either for
Jcα(q, ω) or for ρ
c(q, ω), where
ρc(q, ω) =
1
V
∑
kσ
eδn0(k,q, ω),
Jcα(q, ω) =
1
V
∑
kσ
ev0α(k)δn1(k,q, ω) (48)
are, respectively, the induced charge and current densi-
ties of conduction electrons, and the δni(k,q, ω), i = 0, 1,
are the contributions to δn(k,q, ω) which are propor-
tional to [v0α(k)]
i. For further considerations of the
random-phase approximation in section 8.1, the sec-
ond route is more appropriate choice. In this case,
we consider the thin slab with the longitudinal polar-
ization of the electric fields, introduce the scalar fields
V tot(q, ω) and V ext(q, ω), by the relations V tot(q, ω) =
(i/qα)Eα(q, ω) and V
ext(q, ω) = (i/qα)E0α(q, ω),
and use the definition of the dielectric susceptibility
χintra(q, ω): ρc(q, ω) = χintra(q, ω)V tot(q, ω), or
[1/χintra(q, ω)− 4pi/q2]ρc(q, ω) = V ext(q, ω). (49)
It is readily seen that the intraband conductivity is of the
form
σintraαα (q, ω) ≡
iω
q2α
χintra(q, ω) = ie2
1
V
∑
kσ
m
m∗αα(k, ω)
× [v
0
α(k)]
2
(− ∂f(k)/∂ε(k))
ω + iΓ1α(k, ω)− q2αv2α(k)/ω
. (50)
In the Drude ω ≈ 0 limit, we set qα in the denominator
equal to zero, with Γ1α(k, ω) ≈ 〈Γ1α(k, ω)〉FS = Γ1α(ω)
and m∗αα(k, ω) ≈ 〈m∗αα(k, ω)〉FS = m∗αα(ω), to obtain
σintraαα (q, ω) =
ie2neff,0αα /m
∗
αα(ω)
ω + iΓ1α(ω)
, (51)
an expression known as the generalized Drude formula.
Here, 〈. . .〉FS means the average over the Fermi sur-
face. The expression (51) remains valid when more
than one band intersects the Fermi level, provided that
ΓLLα (ω) ≈ Γ1α(ω). The generalization to the case with
the relaxation rates ΓLLα (ω) dependent on the band index
L is straightforward.
Although we have arrived at (41) and (47) by consider-
ing in the auxiliary self-energy Σ˜(k, iωn) only the scatter-
ing by boson modes, these expressions are of a more gen-
eral validity, namely all relevant scattering mechanisms
have to be included in Π(k,k+, iωn, iωn+). Therefore, we
can use (41) to study the effects of local and short-range
electron-electron interactions on electrodynamic proper-
ties of strongly-correlated low-dimensional systems or to
study similar effects associated with the scattering by
different periodic CDW/SDW potentials.
VII. INTERBAND CONDUCTIVITY
In analogy to (44), we can write the bare interband
conductivity in the form
σinter,0αα (q, iνn) = −
1
V
∑
L 6=L′
∑
kσ
1
β~
∑
iωn
JLL
′
α (k)P
L′L
α (k)
× GL(k, iωn)− GL′(k+, iωn+)
i~νn + ~ΠLL′(k,k+, iωn, iωn+)− εL′(k+) + εL(k) ,
(52)
with the electron-EM field vertex corrections
neglected, resulting in Π(k,k+, iωn, iωn+) ≈
Σ(k, iωn) − Σ(k+, iωn+). The electron-hole self-energy
ΠLL′(k,k+, iωn, iωn+) is replaced by M
LL′
α (k, iνn),
in the memory-function approximation, and by
iΓLL
′
α (k) ≈ iΓLL
′
α , in the relaxation-time approxi-
mation.
In those multiband systems in which the interband
dipole vertex PL
′L
α (k) is purely imaginary, the lo-
cal dipole moment vanishes and there are no local
field effects.51 The interband conductivity is given by
σinterαα (q, ω) = σ
inter,0
αα (q, ω). This result can be equally
well understood to represent the solution to the RPA
equation
[1/χ(q, ω)− 4pi/q2]ρ(q, ω) = V ext(q, ω) (53)
for the total dielectric susceptibility χ(q, ω) =∑
i=intra,inter χ
i(q, ω), where χi(q, ω) =
(q2α/iω)σ
i
αα(q, ω).
In the opposite case, the interband dipole vertex is
real and its dispersionless part is directly related to the
intracell dipole transitions. Particularly interesting are
the examples in which PL
′L
α (k+,k) ≈ PL
′L
α is completely
local. In this case we can use the procedure from the
following section to determine the effects of the Lorentz
local fields.
At this point caution is in order regarding the
relaxation-time approximation. It is well known that in
those systems in which the damping energy ΓLL
′
α (k) is
comparable to the interband threshold energy (the pseu-
dogapped state of the ordinary CDW systems is an ex-
ample) the relaxation-time approximation of (52) overes-
timates the in-gap part of the interband conductivity. In
this regime, σinter,0αα (q, ω) is found to be better described
by the approximate textbook expression38,39
σinter,0αα (ω)
=
1
V
∑
L 6=L′
∑
kσ
iω|PLL′α (k)|2[fL(k)− fL′(k+)]
~ω + i~Γ2α(k) − εL′(k+) + εL(k) . (54)
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FIG. 9: The mean-field single-particle conductivity of the
Peierls CDW model along the highly conducting direction x,
at temperature T = 160 K. The bare electron dispersion is
ε(k) = −
∑
α=x,y
2tα cos kαaα, with 2ta = 0.5 eV and 2tb =
50 meV. The mean-field transition temperature is assumed
to be T 0P = 200 K and ∆(160K) = 21 meV is the CDW
order parameter at temperature T = 160 K. The damping
energies are 5~Γ1 = ~Γ2 = 30 meV at T < T
0
P, and ~Γ
0
1 = 30
meV at T > T 0P. The dot-dot-dashed line shows the inverse
square-root singularity in σinter,spxx (ω) associated with the limit
~Γ2 → 0.
In order to briefly illustrate our results, the typi-
cal mean-field single-particle conductivity of the Peierls
CDW model at temperatures well below the mean-field
transition temperature T 0P is shown in figure 9. The
dashed and the dot-dashed lines represent, respectively,
the interband contributions calculated by using (54) and
the relaxation-time version of (52). Notice the differ-
ence between the two curves at ω ≈ 0. The solid line
is the total single-particle conductivity which is the sum
of the contribution of thermally activated charge carriers
in (51) and the interband contribution (54). This result
agrees reasonably well with the experimental spectra10
measured at temperatures well below the CDW transi-
tion temperature. The detailed discussion of the mean-
field approximation as well as of the effects of fluctuations
in the order parameter is given in Article II.
In the next section, we shall examine the Lorentz local
field corrections in the relaxation-time approximation,
starting with σinter,0αα (q, ω) given by (54). The damp-
ing energy ~Γ2α(k) ≈ ~Γ2α is assumed to be small in
comparison with the interband threshold energy.
VIII. LOCAL FIELD EFFECTS
Most Q1D systems are characterized by a large number
of atoms in the unit cell (for example, in the blue bronze
K0.3MoO3 we have 86 atoms per unit cell). The bands
in the vicinity of the Fermi level are thus built of differ-
ent molecular orbitals of the well-defined symmetry with
the intermolecular distance large when compared to the
first-neighbor atom-atom distance. Therefore, the bands
are narrow and the typical interband threshold energy is
in the infrared part of the spectrum. In most cases of in-
terest, the low-energy interband electron-hole excitations
are local and correspond to dipolar transitions between
one molecular orbital of the s symmetry and another of
the pα symmetry. Consequently, to determine the proper
structure of the total conductivity tensor σαα(q, ω) in
this case, it is important to take into account the local
field effects too.
This is not the only Q1D case in which the local field
corrections are important. In the ordered state of the
strong bond-CDW systems the interband dipole excita-
tions are also local. Finally, the ordinary spα models
with the interband threshold energy in the visible part
of the spectrum also have σinter,0αα (q, ω) of the form (54),
with the dipole vertex PL
′L
α (k) ≈ PL
′L
α real.
25,26,39
A. Multicomponent random-phase approximation
To demonstrate the usual procedure for dealing with
the local field corrections,25–27 we consider the model
with the intraband currents and with one type of bound
charges. We assume that the contribution of the bound
charges is related to the intra-atomic or intramolecular
dipolar transitions in σinter,0αα (q, ω). In section 8.2, we
shall briefly discuss the case of infrared-active optical
phonons, as well. In this section, we make a simple mod-
ification of the notation. For example, the label intra is
replaced by c and the label inter by b (for conduction
and bound charges).
The bare intraband dielectric susceptibility is assumed
to be of the form
χc,0(q, ω) ≡ χ011(q, ω) = (q2α/iω)σc,0αα(q, ω), (55)
with σc,0αα(q, ω) given by (50), and the bare interband
dielectric susceptibility is
χb,0(q, ω) ≡ χ022(q, ω) = (q2α/iω)σb,0αα (q, ω), (56)
with σb,0αα (q, ω) given by (54).
The electrons are assumed to be subjected to an ex-
ternal longitudinal electric field E0(r, t) represented by
the scalar potential V ext(r, t). ρ1(q, ω) = ρ
c(q, ω) and
ρ2(q, ω) = −iqαP bα (q, ω) are the Fourier transforms of
two types of macroscopic charge densities. ρc(q, ω) de-
scribes the monopole-charge density of conduction elec-
trons and P bα(q, ω) the dipole-charge density of bound
charges. The two-component random-phase approxima-
tion describes the long-range screening in such a case.
According to figure 10, the RPA equations can be shown
in the form[
1/χ011(q, ω)− V11
]
ρ1(q, ω)− V12 ρ2(q, ω) = V ext(q, ω),
−V21 ρ1(q, ω) +
[
1/χ022(q, ω)− V22
]
ρ2(q, ω) = V
ext(q, ω).
(57)
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FIG. 10: The RPA equations for the screened susceptibilities
χ11(q, ω) (a) and χ22(q, ω) (b).
Here, the χ0ii(q, ω) stand for two bare dielectric suscep-
tibilities in (55) and (56), and Vij ≡ Vij(q) = −Nij/q2
are the Fourier transforms of different long-range inter-
actions. The numbers N11 = −4pi, N12 = N21 = −4pi
and N22 = −4pi + 4pi/3 correspond to the monopole-
monopole, monopole-dipole and dipole-dipole interac-
tions, respectively.27 N11 = N12 = N21 = −4pi are easily
shown to represent the common depolarization factors
for the longitudinal q ≈ 0 fields.14 It is not hard to verify
that, after neglecting the Lorentz term 4pi/3 in N22 (i.e.,
when N22 = N11), equations (57) reduce to (53).
Equations (57) may be rewritten now in the alterna-
tive form, in terms of two dipole densities Piα(q, ω) =
(i/qα)ρi(q, ω), to give(
1/α011
)
P1α = E0α +N11P1α +N12P2α,(
1/α022 +N11 −N22
)
P2α = E0α +N21P1α +N11P2α,
(58)
with the implicit dependence on q and ω. Here
α0ii(q, ω) = (−1/q2α)χ0ii(q, ω) (59)
is the common notation for two bare polarizabilities. It
must be emphasized that the expressions on the right-
hand side of (58) represent the macroscopic electric field
E(q, ω), equation (30), which is the sum of the exter-
nal electric field and two depolarization fields originat-
ing from the conduction electrons and from the induced
dipole moments of bound charges.14 This is a useful ob-
servation which helps us to rewrite (58) in the final form[
1/σcαα(q, ω)
]
Jcα(q, ω) = Eα(q, ω), (60)[
1/αbαα(q, ω)
]
P bα (q, ω) = Eα(q, ω), (61)
with
Eα(q, ω) = E0α(q, ω)−4pi
[
P1α(q, ω)+P2α(q, ω)
]
. (62)
For the thin slab with the longitudinal polarization of
the fields, the field E0(r, t) is identical to the dielectric
displacement field D(r, t) and the relation (62) leads to
the usual form of the longitudinal macroscopic dielectric
function. If other high-energy on-site dipolar excitations
are also included, the total dielectric function becomes
εαα(q, ω) = ε
HE
αα (q, ω) +
4piiσcαα(q, ω)
ω
+ 4piαbαα(q, ω).
(63)
Here, α11(q, ω) = α
0
11(q, ω) ≡ (i/ω)σcαα(q, ω) and
α22(q, ω) =
α022(q, ω)
1− (4pi/3)α022(q, ω)
≡ αbαα(q, ω) (64)
are two renormalized polarizabilities.
In the notation of the previous sections, this result can
be expressed by (10) and (11). We can therefore conclude
that the contribution of the monopole charges to the con-
ductivity tensor is decoupled from the contribution of
the dipole charges. The latter contribution is affected by
the Lorentz field in the usual way, giving also the possi-
bility for the collective contribution in σinterαα (q, ω) when
1 + (4pi/3ω)Im{σinter,0αα (q, ω)} = 0.
B. Infrared-active optical phonons
It was implied by our discussion of the quantum trans-
port equation that (5), together with the density opera-
tors (3) and (23), is able to capture all relevant aspects
of the electron-phonon coupling in the dynamical con-
ductivity tensor of multiband electronic systems, at least
for the scattering by acoustic and Raman-active optical
phonons. In order to treat carefully infrared-active op-
tical phonons, we must also include the direct coupling
between phonons and EM fields in Hext and take into
account the corresponding local field corrections.
The generalization of (63) to such a case with multiple
dipolar bound-charge contributions is very simple. For
our present purposes it is simplest to replace α022(q, ω) by
the sum of all bare dipolar bound-charge polarizabilities.
In the two-band case with one infrared-active phonon
branch, we obtain
α022(q, ω) = (−1/q2α)χinter,0(q, ω) + α0ph(q, ω), (65)
with α0ph(q, ω) = (e
2/MνV0)[ω
2
νq−ω(ω+iγ)]−1 being the
bare phonon polarizability.
IX. CONCLUSIONS
In this article, we have derived the dynamical con-
ductivity tensor in a general multiband electronic model
with sizeable boson-mediated electron-electron interac-
tions. Starting with the gauge-invariant form of the cou-
pling between valence electrons and external EM fields,
we have derived the general form of the self-consistent
Bethe–Salpeter equations for the auxiliary intraband and
interband electron-hole propagators. It is demonstrated
13
that the intraband Bethe–Salpeter equation is identical
to the usual quantum transport equation and that it re-
duces to the ordinary transport equation in the weak
coupling limit. In this way, the present response the-
ory of multiband electronic systems is connected to the
generalized Drude formula for the intraband conductiv-
ity widely used in experimental analyses as well as to
different Fermi liquid theories based on the Landau–Silin
transport equations. In order to illustrate the formal-
ism presented here, we shall give in the accompanying
article31 the detailed description of the CDW mean-field
approximation and the effects of fluctuations in the order
parameter on the dynamical conductivity of the Peierls
CDW systems.
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